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ORTHONORMALITY OF WAVELET SYSTEM ON THE
HEISENBERG GROUP AND TWISTED WAVELET
SYSTEM ON C
S.ARATI AND R.RADHA*
Abstract. The aim of this paper is to obtain necessary and suf-
ficient conditions for the orthonormality of wavelet system arising
out of left translations and nonisotropic dilations on the Heisen-
berg group H. A similar problem is also discussed for the twisted
wavelet system on C.
1. Introduction and background
Let ψ ∈ L2(R). Define ψj,k as ψj,k(x) = 2
j/2ψ(2jx− k), for j, k ∈ Z
and x ∈ R. In other words, ψj,k = D2jTkψ, where Tu, u ∈ R denotes
the translation operator Tuf(x) = f(x − u) and Da, a ∈ R
∗ denotes
the dilation operator Daf(x) = |a|
1/2f(ax), x ∈ R. This system {ψj,k :
j, k ∈ Z} is in general called a wavelet system (cf [6]). The following
well known result gives a characterization of the orthonormality of the
wavelet system.
Theorem 1.1. Let ψ ∈ L2(R). The necessary and sufficient conditions
for the orthonormality of the system {ψj,k : j, k ∈ Z} are
∑
k∈Z
|ψˆ(ξ + k)|2 = 1 for a.e. ξ ∈ R
and
∑
k∈Z
ψˆ(ξ + k)ψˆ(2j(ξ + k)) = 0 for a.e. ξ ∈ R, j ≥ 1.
For the proof, we refer to [8].
In this note, we wish to consider a similar problem for the wavelet
system on the Heisenberg group H. This wavelet system emerges from
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the left translations L(k,l,m), (k, l,m) ∈ Z
3 and the nonisotropic dila-
tions δ2j , j ∈ Z which are defined as follows. For ψ ∈ L
2(H),
L(u,v,s)ψ(x, y, t) = ψ((u, v, s)
−1(x, y, t))
= ψ
(
x− u, y − v, t− s +
1
2
(y · u− x · v)
)
,
(u, v, s) ∈ R3 and δaψ(x, y, t) = |a|
2ψ(ax, ay, a2t), a ∈ R∗.
The main result is considered in Theorem 2.3. While looking into this
problem, we came across the wavelet system on C which appears due
to twisted translations and dilations on C. We call this system on C
as twisted wavelet system. When we tried to study the necessary and
sufficient condition for the orthonormality of twisted wavelet system it
turned out to be a surprising fact that the required conditions became
too complicated unlike the classical result on R or the result on the
Heisenberg group. In fact, there are five necessary and sufficient condi-
tions which lead to the orthonormality of the twisted wavelet system.
This result is stated in Theorem 3.3.
Now, we shall mention a few works based on system of translates in
various settings available in the literature. Characterizations of shift
invariant spaces in L2(Rn) in terms of range functions were obtained
by Bownik in [2]. These results were later extended to locally com-
pact abelian groups in [4] and [9]. For nonabelian compact groups, the
shift invariant spaces were explored in [12]. Characterization of the
orthonormality of a system of translates on the polarised Heisenberg
group was studied in [1] using the concept of bracket map. The shift
invariant spaces associated with the twisted translations for L2(Cn)
were recently studied by Radha and Adhikari in [10]. In [11], charac-
terizations of Bessel sequences, orthonormal bases, frames and Riesz
bases were studied on the Heisenberg group for a shift invariant space
with countably many mutually orthogonal generators. The structural
properties of shift-modulation invariant spaces were studied by Bownik
in [3]. These results were extended to locally compact abelian groups
in [5].
At this point, we shall provide the necessary background to under-
stand our main results. The Heisenberg group Hn is a Lie group whose
underlying manifold is Rn × Rn × R which satisfies the group law
(x, y, t)(u, v, s) =
(
x+ u, y + v, t+ s+
1
2
(u · y − v · x)
)
.
It is a nonabelian noncompact locally compact group. The Haar mea-
sure on Hn is the Lebesgue measure dxdydt. It follows from the well
known Stone-von Neumann theorem that every infinite dimensional ir-
reducible unitary representation on the Heisenberg group is unitarily
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equivalent to the representation piλ, λ ∈ R
∗, where piλ is defined by
piλ(x, y, t)ϕ(ξ) = e
2piiλte2piiλ(x·ξ+
1
2
x·y)ϕ(ξ + y), ϕ ∈ L2(Rn).
For f ∈ L1(Hn), the group Fourier transform fˆ is defined as follows.
For λ ∈ R∗, fˆ(λ) given by
fˆ(λ) =
∫
Cn×R
f(z, t)piλ(z, t)dzdt
is a bounded operator on L2(Rn). The inverse Fourier transform of
f ∈ L1(Hn) in the t variable, denoted by fλ, is defined as
fλ(z) =
∫
R
f(z, t)e2piiλtdt. (1.1)
It can be seen that fλ ∈ L1(Cn). For f ∈ L1(Cn), the operator Wλ(f)
on L2(Rn), is defined as
Wλ(f) =
∫
Cn
f(z)piλ(z, 0)dz.
Clearly, there is a relation between group Fourier transform and Wλ
given by
fˆ(λ) =Wλ(f
λ). (1.2)
Moreover, Wλ(f) is an integral operator on L
2(Rn) with kernel Kλf
given by
Kλf (ξ, η) =
∫
Rn
f(x, η − ξ)epiiλx·(ξ+η)dx. (1.3)
In particular when λ = 1, Wλ(f) is denoted by W (f) which is called
the Weyl transform of f and the associated kernel is denoted by Kf .
As in the case of the Euclidean Fourier transform, the definitions of
Wλ and the group Fourier transform fˆ can be extended to functions
in L2(Cn) and L2(Hn) respectively through the density argument. In
fact, for f ∈ L2(Cn), Wλ(f) is a Hilbert-Schmidt operator on L
2(Rn)
which satisfies
‖Wλ(f)‖B2 = ‖K
λ
f ‖L2(Cn) =
1
|λ|n/2
‖f‖L2(Cn),
where B2 = B2(L
2(Rn)) denotes the class of Hilbert-Schmidt operators
on L2(Rn). In other words, for f, g ∈ L2(Cn),
〈Wλ(f),Wλ(g)〉B2 = 〈K
λ
f , K
λ
g 〉L2(Cn) =
1
|λ|n
〈f, g〉L2(Cn). (1.4)
Furthermore, the group Fourier transform satisfies the Plancherel for-
mula
‖fˆ‖L2(R∗,B2;dµ) = ‖f‖L2(Hn),
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where L2(R∗,B2; dµ) stands for the space of functions on R
∗ taking
values in B2 and square integrable with respect to the measure dµ(λ) =
|λ|ndλ. Equivalently, we have
〈fˆ , gˆ〉L2(R∗,B2;dµ) =
∫
R
〈fˆ(λ), gˆ(λ)〉B2|λ|
ndλ = 〈f, g〉L2(Hn). (1.5)
Then, it follows from (1.2) and (1.4) that
〈f, g〉L2(Hn) =
∫
R
〈Kλfλ , K
λ
gλ〉L2(Cn)|λ|
ndλ. (1.6)
For a further study on Heisenberg group, we refer to [7] and [13].
We organize the paper as follows. We discuss the orthonormality of
the wavelet system on the Heisenberg group in section 2 and that of
the twisted wavelet system on C in section 3.
2. Orthonormality of wavelet system on H
Using the translation and the nonisotropic dilation defined in section
1, we consider the wavelet system {δ2jL(k,l,m)ψ : k, l,m, j ∈ Z} given
by
δ2jL(k,l,m)ψ(x, y, t) = 2
2jψ
(
2jx− k, 2jy − l, 22jt−m+ 1
2
2j(y · k − x · l)
)
(2.1)
for ψ ∈ L2(H).
Definition 2.1 ([11]). For ψ ∈ L2(H), (k, l) ∈ Z2, we define the func-
tion Gψk,l as
G
ψ
k,l(λ) =
∑
r∈Z
∑
s∈Z
1∫
0
∫
R
Kλ+r
ψλ+r
(ξ + s, η)Kλ+r
ψλ+r
(ξ + s+ l, η)
× e−pii(λ+r)k(2ξ+l)e−2piiλksdηdξ|λ+ r|, λ ∈ (0, 1].
The following theorem is well known.
Theorem 2.2 ([11]). If ψ ∈ L2(H), then {L(k,l,m)ψ : (k, l,m) ∈ Z
3} is
an orthonormal system in L2(H) if and only if the following conditions
hold.
(i)Gψ0,0(λ) = 1 a.e. λ ∈ (0, 1] and
(ii)Gψk,l(λ) = 0 a.e. λ ∈ (0, 1], for all (k, l) 6= (0, 0) in Z
2,
where G
ψ
k,l is as in Definition 2.1.
See also [1].
Now, our main result provides the necessary and sufficient conditions
for the orthonormality of the system {δ2jL(k,l,m)ψ : k, l,m, j ∈ Z} on
H which is stated as follows.
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Theorem 2.3. Let ψ ∈ L2(H). For j1, j2, k1, k2, l1, l2 ∈ Z, λ ∈ (0, 1],
let
F
ψ
j1,j2,k1,k2,l1,l2
(λ)
=
∑
r∈Z
∑
s∈Z
1∫
0
∫
R
K
22(j2−j1)(λ+r)
ψ2
2(j2−j1)(λ+r)
(2j1(ξ + s) + l1, 2
j1η)Kλ+r
ψλ+r
(2j2(ξ + s) + l2, 2j2η)
× epii2
2(j2−j1)(λ+r)k1(2j1+1(ξ+s)+l1)e−pii(λ+r)k2(2
j2+1(ξ+s)+l2)dηdξ|λ+ r|.
(2.2)
The wavelet system {δ2jL(k,l,m)ψ : k, l,m, j ∈ Z} is orthonormal in
L2(H) if and only if the following conditions hold.
(i)Gψ0,0(λ) = 1 a.e. λ ∈ (0, 1],
(ii)Gψk,l(λ) = 0 a.e. λ ∈ (0, 1], for all (k, l) 6= (0, 0) in Z
2,
(iii)F ψj1,j2,k1,k2,l1,l2(λ) = 0 a.e. λ ∈ (0, 1], for j2 > j1, k1, k2, l1, l2 in Z,
where G
ψ
k,l is as in Definition 2.1.
In order to prove Theorem 2.3, we shall prove the following lem-
mas. At first, in view of (1.6), we need to determine the inverse
Fourier transform of δ2jL(k,l,m)ψ with respect to t variable. In other
words, we need to determine (δ2jL(k,l,m)ψ)
λ and also the associated
kernel Kλ(δ
2j
L(k,l,m)ψ)λ
. In Lemma 2.5, we shall express (δ2jL(k,l,m)ψ)
λ
in terms of the λ-twisted translation (T t(k,l))
λ and dilation D2j on R
2,
where (T t(k,l))
λ and D2j are defined below.
Definition 2.4. For (k, l) ∈ Z2 and j ∈ Z, the λ-twisted translation
(T t(k,l))
λ and the dilation D2j are defined as follows.
(T t(k,l))
λϕ(x, y) = epiiλ(x·l−y·k)ϕ(x− k, y − l) and
D2jϕ(x, y) = 2
jϕ(2jx, 2jy), for ϕ ∈ L2(R2).
Lemma 2.5. For ψ ∈ L2(H), (k, l,m) ∈ Z3, j ∈ Z, the inverse Fourier
transform of δ2jL(k,l,m)ψ with respect to t variable satisfies
(δ2jL(k,l,m)ψ)
λ = 2−je2piiλ2
−2jmD2j (T
t
(k,l))
λ2−2jψλ2
−2j
,
where ψλ2
−2j
is the inverse Fourier transform of ψ in the t variable
given by ψλ2
−2j
(z) =
∫
R
ψ(z, t)e2piiλ2
−2j tdt.
Proof. Consider,
(δ2jL(k,l,m)ψ)
λ(x, y)
=
∫
R
22jψ
(
2jx− k, 2jy − l, 22jt−m+ 1
2
2j(y · k − x · l)
)
e2piiλtdt.
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Now, by applying the change of variable s = 22jt−m+ 1
2
2j(y ·k−x · l),
we get,
(δ2jL(k,l,m)ψ)
λ(x, y)
= e2piiλ2
−2jme2
jpiiλ2−2j(x·l−y·k)
∫
R
ψ(2jx− k, 2jy − l, s)e2piiλ2
−2jsds
= e2piiλ2
−2jmepiiλ2
−2j (2jx·l−2jy·k)ψλ2
−2j
(2jx− k, 2jy − l)
= 2−je2piiλ2
−2jmD2j (T
t
(k,l))
λ2−2jψλ2
−2j
(x, y).

Lemma 2.6. Let ϕ ∈ L2(R2). Then the kernel of Wλ(D2jϕ) and hence
that of Wλ(D2j (T
t
(k,l))
λ2−2jϕ), denoted by KλD
2j
ϕ and K
λ
D
2j
(T t
(k,l)
)λ2
−2j
ϕ
respectively, satisfy the following relations.
KλD
2j
ϕ(ξ, η) = K
λ2−2j
ϕ (2
jξ, 2jη), (2.3)
Kλ
D
2j
(T t
(k,l)
)λ2
−2j
ϕ
(ξ, η) = epiiλ2
−2jk(2j+1ξ+l)Kλ2
−2j
ϕ (2
jξ + l, 2jη). (2.4)
Proof. From (1.3) and Definition 2.4, we have
KλD
2j
ϕ(ξ, η) =
∫
R
2jϕ(2jx, 2j(η − ξ))epiiλx·(ξ+η)dx.
Applying the change of variable u = 2jx, we get
KλD
2j
ϕ(ξ, η) =
∫
R
ϕ(u, 2jη − 2jξ)epiiλ2
−2ju·(2jξ+2jη)du.
The right hand side of the above equation is nothing butKλ2
−2j
ϕ (2
jξ, 2jη),
thus proving (2.3).
Now, making use of (2.3), we see that
Kλ
D
2j
(T t
(k,l)
)λ2
−2j
ϕ
(ξ, η) = Kλ2
−2j
(T t
(k,l)
)λ2
−2j
ϕ
(2jξ, 2jη)
=
∫
R
epiiλ2
−2j (x·l−(2jη−2jξ)·k)ϕ(x− k, 2jη − 2jξ − l)epiiλ2
−2jx·(2jξ+2jη)dx
= epiiλ2
−2jk(2j+1ξ+l)
∫
R
ϕ(u, 2jη − (2jξ + l))epiiλ2
−2ju·(2jξ+2jη+l)du
= epiiλ2
−2jk(2j+1ξ+l)Kλ2
−2j
ϕ (2
jξ + l, 2jη),
thereby proving (2.4). 
We observe from Lemma 2.5 that there is a connection between
wavelet system on the Heisenberg group and a wavelet system on C,
namely the twisted wavelet system {D2j (T
t
(k,l))
2−2jϕ : k, l, j ∈ Z} for
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ϕ ∈ L2(C). Thus it becomes a natural question to investigate the nec-
essary and sufficient condition for the orthonormality of the twisted
wavelet system on C. This problem is studied in the forthcoming sec-
tion.
3. Orthonormality of twisted wavelet system on C
Before stating the main result of this section, we shall consider the
following lemma.
Lemma 3.1. Let ϕ ∈ L2(R2). Then the kernel of the Weyl trans-
form of D2jϕ, (T
t
(k,l))
2−2jϕ and D2j(T
t
(k,l))
2−2jϕ respectively satisfy the
following relations.
(i)KD
2j
ϕ(ξ, η) = K
2−2j
ϕ (2
jξ, 2jη), j ∈ Z,
(ii)K(T t
(k,l)
)2
−2j
ϕ(ξ, η)
= epii2
−2jklepiik(1+2
−2j )ξepiik(1−2
−2j)ηK
e(( 2
−2j
−1
2
)l,0)ϕ
(ξ + l, η),
where, for (a, b) ∈ R2, the operator e(a, b) onL2(R2) is given by
(e(a, b)ϕ)(x, y) = e2pii(ax+by)ϕ(x, y),
(iii )KD
2j
(T t
(k,l)
)2
−2j
ϕ(ξ, η) = e
pii2−2jk(2j+1ξ+l)K2
−2j
ϕ (2
jξ + l, 2jη).
In [10], Radha and Adhikari proved the following
Theorem 3.2. Let ϕ ∈ L2(R2). Then {T t(k,l)ϕ : k, l ∈ Z} is an or-
thonormal system in L2(R2) if and only if
(i)
∑
m∈Z
∫
R
|Kϕ(ξ +m, η)|
2dη = 1 a.e. ξ ∈ [0, 1] and
(ii)
∑
m∈Z
∫
R
Kϕ(ξ +m, η)Kϕ(ξ +m+ l, η)dη = 0 a.e. ξ ∈ [0, 1], ∀ l ∈ Z \ {0}.
We shall now state a similar result in the context of twisted wavelet
system.
Theorem 3.3. Let ϕ ∈ L2(R2). Let ξ ∈ [0, 1]. For j1, j2, l1, l2 ∈ Z, let
P
ϕ
j1,j2,l1,l2
(ξ)
=
∑
m∈Z
∫
R
K2
−2j1
ϕ (2
j1+j2(ξ +m) + l1, 2
j1η)K2
−2j2
ϕ (2
2j2(ξ +m) + l2, 2j2η)dη.
(3.1)
For j, l,m ∈ Z, y ∈ R, let
S
ϕ
j,l(ξ,m, y) = Ke(( 2−2j−1
2
)l,0)ϕ
(
2(ξ +m− y)
1 + 2−2j
+ l,
2y
1− 2−2j
)
. (3.2)
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For j, l ∈ Z, let
R
ϕ
j,l(ξ) =
∑
m∈Z
∫
R
|Sϕj,l(ξ,m, y)|
2dy. (3.3)
For j, l1, l2 ∈ Z, let
Q
ϕ
j,l1,l2
(ξ) =
∑
m∈Z
∫
R
S
ϕ
j,l1
(ξ,m, y)Sϕj,l2(ξ,m, y)dy. (3.4)
Then the twisted wavelet system {D2j (T
t
(k,l))
2−2jϕ : k, l, j ∈ Z} is or-
thonormal in L2(R2) if and only if
(i)
∑
m∈Z
∫
R
|Kϕ(ξ +m, η)|
2dη = 1 a.e. ξ ∈ [0, 1],
(ii)
∑
m∈Z
∫
R
Kϕ(ξ +m, η)Kϕ(ξ +m+ l, η)dη = 0 a.e. ξ ∈ [0, 1], ∀ l ∈ Z \ {0},
(iii)P ϕj1,j2,l1,l2(ξ) = 0 a.e. ξ ∈ [0, 1], for j2 > j1, l1, l2 ∈ Z,
(iv)Qϕj,l1,l2(ξ) = 0 a.e. ξ ∈ [0, 1], for j ∈ Z \ {0}, l1 6= l2 in Z,
(v)Rϕj,l(ξ) =
|1−2−4j |
4
a.e. ξ ∈ [0, 1], for j ∈ Z \ {0}, l ∈ Z.
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